measure) Cobb-Douglas economies are proven to be regular. This result is of the same topological spirit widely propagated within the general equilibrium theory e.g. by Debreu (1970) , Mas-Collel (1985) , Bonnisseau et al. (2001) , and Bonnisseau (2003) .
Notation. We denote by R n the space of n-dimensional column vectors x = (x (1) , . . . , x (n) ) T ,
and by R n + the set of all vectors with nonnegative components. For x ∈ R n we also write x ≥ 0 or x > 0 to express that all components of x are nonnegative or positive, respectively. The j-th coordinate vector is denoted by e j , and the vector of all ones by e. For x, y ∈ R n , we introduce the standard scalar product and the Hadamard product
For x = (x (1) , . . . , x (n) ) T ∈ R n we denote 1 x = 1 x (1) , . . . ,
(j) = 0, j = 1, . . . , n.
Given v = (v (1) , . . . , v (n) ) T > 0 from R n , we use the following scaled 1-norm:
For a vector v > 0 from R n and a positive number t > 0 we define the interior of the scaled simplex as ∆ t (v) := {x ∈ R n | xv = t, x > 0} .
For a n × n real matrix A with nonnegative elements we write A ≥ 0.
Exchange economy with Cobb-Douglas utilities
Let m consumers denoted by i = 1, . . . , m exchange commodities on n markets denoted by j = 1, . . . , n. Consumer i's utility function is:
where β i ∈ R + is a scaling coefficient, and α ij ∈ R + is the elasticity w.r.t. commodity j of i-th consumer's utility. We denote the vectors of elasticities as α i := (α ij ) n j=1 . Consumer i has endowment ω i := ω 1 If ω i = 0, we exclude this consumer from our economy. 2 If one of the commodities has zero total initial endowment, we exclude it from the model. Definition 1 (Exchange equilibrium) The vector of prices and consumption quanti-
is an exchange equilibrium, if (i) consumers maximize Cobb-Douglas utilities w.r.t. budget constraints, i.e.
(ii) the market clearing condition holds, i.e.
In these expressions z(p * ) is the excess demand vector evaluated at prices p * , and p * z(p * ) = 0 is the Walras Law.
We now make the two following additional assumptions:
Assumption 1 (Cobb-Douglas elasticities I) Each commodity j is desired by some consumer i, i.e. for each commodity j there exists a consumer i with α ij > 0.
Assumption 2 (Cobb-Douglas elasticities II) Each consumer i desires some commodity j, i.e. for each consumer i there exists a commodity j with α ij > 0.
Let Assumptions 1 and 2 hold throughout this Section 2. Assumption 1 ensures that in every equilibrium, p * > 0 and z(p * ) = 0. Otherwise some consumer would purchase infinite amounts of the zero priced commodity. Assumption 2 ensures that n j=1 α ij > 0 for all i and that an exchange equilibrium is preserved under a normalization of elasticities, i. e. for Cobb-Douglas utility functions
Hence, we may, without loss of generality, assume that n j=1 α ij = 1 for all i. For positive prices p > 0 we consider the i-th consumer's utility maximization problem max
Due to Assumption 2, each consumer will spend his entire budget, i. e. the Walras Law will hold for any price vector p > 0. Given these prices, consumer i's demands are
We denote the aggregate demand by
3
The market clearing condition z(p) = 0 now reads
In matrix form we get the eigenvector problem
where A is the matrix obtained by the following row-wise setting
Matrix A contains obviously nonnegative elements, i.e. A ≥ 0. Moreover, ω T A = ω T , since n j=1 α ij = 1. Up to a scaling of coordinates with ω (1) , . . . , ω (n) in the image space, the characteristic matrix A is column-stochastic. Therefore, the theory of stochastic matrices applies.
Recall that an n × n matrix B ≥ 0 is called column-stochastic if e T B = e T . An n × n matrix B ≥ 0 is called irreducible if there exists no permutation matrix P such that
where C and E are square matrices of a dimension smaller than n. An n×n matrix B ≥ 0 is called completely reducible if it is a direct sum of irreducible square n r × n r matrices B r , r = 1, . . . , R, i.e. there exists a permutation matrix P with
This representation of a completely reducible matrix B is unique up to permutations of the coordinates within each diagonal block and up to the order of B 1 , . . . , B R .
Theorem 1 (Complete reducibility, Schaefer (1974) ) For a column-stochastic matrix B ≥ 0, the following assertions are equivalent:
(a) B is completely reducible, (b) B possesses a positive eigenvector for eigenvalue 1,
Complete reducibility of the matrix A can be equivalently expressed in economic terms. Here, we follow Eaves (1985) and define the property of symmetric access:
Definition 2 (Symmetric access, Eaves (1985) ) Given two different commodities k and l, commodity k is defined to access commodity l if there is a sequence of commodities l = j 1 . . . , j S+1 = k such that the (j s , j s+1 )-th element of A is positive, i.e.
That is, there is a sequence of consumers i 1 , . . . , i S , where consumer i s both possesses commodity j s+1 (so that ω (j s+1 ) i S > 0), and desires commodity j s (so that α i S js > 0), for s = 1, . . . , S. A Cobb-Douglas economy is said to have symmetric access if for every pair of different commodities either they access each other or neither accesses the other.
Symmetric access of a Cobb-Douglas economy ensures that it can be completely decomposed into submarkets. In fact, since A ≥ 0 is completely reducible, it can be represented as a direct sum of irreducible square n r × n r matrices A r , r = 1, . . . , R. Up to a permutation of commodities, we may write w.l.o.g.
The n r commodities corresponding to A r represent the r-th submarket of the CobbDouglas economy. We denote by N r ⊂ {1, . . . , n} the set of r-th submarket's commodities. Note that every two commodities within one and the same submarket access each other, whereas every two commodities from different submarkets do not. Moreover, each consumer cannot posses commodities from one submarket and desire commodities from another. Hence, submarkets are no longer connected with each other through consumers' tastes and endowments. 3 The total number of submarkets is R. If R = 1 we say that the corresponding Cobb-Douglas economy has no submarkets. As shown by Eaves (1985) , a Cobb-Douglas economy has symmetric access if and only if its corresponding matrix A is completely reducible. Hence, this is equivalent to the existence of a not necessarily unique equilibrium.
Theorem 2 (Existence of equilibrium, Eaves (1985) ) For a Cobb-Douglas economy the following assertions are equivalent:
(a) exchange equilibrium exists, (b) economy has symmetric access, (b) its corresponding matrix A from (3) is completely reducible.
Tâtonnement for Cobb-Douglas economies
We consider the following tâtonnements to compute equilibrium prices:
We recall that x (p k ) • p k is the vector with components
Both tâtonnements T1 and T2 can be expressed in terms of the matrix A, since
We have
The proposed tâtonnements are power methods for solving the eigenvector problem
where ω T A = ω T and w > 0. Note that the solutions of this eigenvalue problem coincide with the equilibrium prices for Cobb-Douglas economies. Moreover, the eigenvalue problem is solvable in case of symmetric access. Now, we give an economic interpretation of T1 and T2. Let us rewrite T1 as
Recalling the formula for the excess demand z(p) = x(p) − w, we get
which shows that the change of prices in T1 is proportional to the value of excess demand measured w.r.t. old prices. Due to (4), we have for T2:
the average prices from T1.
Lemma 1 states that the tâtonnements T1 and T2 are well-defined. The proof is relegated to the Appendix.
Lemma 1 Tâtonnements T1 and T2 are well defined, i.e.
where
Proof: See Appendix.
Theorem 3 clarifies the convergence properties of tâtonnements T1 and T2 when there is symmetric access.
Theorem 3 (Convergence I) Let a Cobb-Douglas economy have symmetric access. Then,
(1) prices p k from tâtonnement T1 may diverge, (2) pricesp k from tâtonnement T2 converge to an equilibrium, but in general not faster than sublinearly.
Theorem 3 shows that we need an additional assumption in order to obtain faster convergence for tâtonnements T1 and T2. For that, we use the decomposition of the Cobb-Douglas economy into submarkets N r , r = 1, . . . , R, from above. Recall that the endowments are reordered in accordance with the commodities in submarkets as ω = (ω r , r = 1, . . . , R), ω i = (ω ir , r = 1, . . . , R), i = 1, . . . , m.
Definition 3 (Pairwise connectivity) The r-th submarket is said to be pairwise connected if for all pairs of its commodities j, j ∈ N r there are consumers i and i such that consumer i possesses commodity j, consumer i possesses commodity j , and they both desire some common commodity ∈ N r from this submarket, i.e.
A Cobb-Douglas economy is said to be pairwise connected if each of its submarkets is pairwise connected.
In terms of submarket matrices the pairwise connectivity of a Cobb-Douglas economy equivalently reads A T r A r > 0 for all r = 1, . . . , R We define the measure of pairwise connectivity for the r-th submarket as
where e j , e j are j-th and j -th coordinate vectors in R nr , respectively. The measure of pairwise connectivity for the Cobb-Douglas economy is
Note that the Cobb-Douglas economy is pairwise connected if and only if π > 0. Moreover,
shows that π ≤ 1. The following result is crucial for the convergence analysis of tâtonnements T1 and T2 in the presence of pairwise connectivity. For that, we use the following scaled 1-norm on R n :
Lemma 2 (Seminorm inequality, Nesterov and Nemirovski (2015) ) Let B ≥ 0 be an n × n matrix with v T B = v T for a vector v > 0. Then, for all h ∈ R n with vh = 0 it holds:
Based on Lemma 2, we obtain convergence rates for tâtonnements T1 and T2 under pairwise connectivity.
Theorem 4 (Convergence II) Let a Cobb-Douglas economy have symmetric access and be pairwise connected. Then, (1) prices p k from tâtonnement T1 converge towards an equilibrium p * with linear rate
pricesp k from tâtonnement T2 converge towards an equilibrium p * with sublinear rate
Corollary 1 (Uniqueness of equilibrium) Let a Cobb-Douglas economy have symmetric access, no submarkets, and be pairwise connected. 4 Then, it has a unique equilibrium price in ∆ 1 (w).
Proof: See Appendix. Now, we state sufficient conditions for pairwise connectivity.
Definition 4 (Global connectivity) The r-th submarket is said to be globally connected if there exists a commodity j ∈ N r such that for all submarket commodities j ∈ N r there exists a consumer i who possesses commodity j and desires commodity j, i.e.
ω (j )
ir > 0, α ij > 0. A Cobb-Douglas economy is said to be globally connected if each of its submarkets is globally connected.
In terms of submarket matrices the global connectivity of a Cobb-Douglas economy equivalently says that each matrix A r , r = 1, . . . , R, has at least one positive row. We define the measure of global connectivity for the r-th submarket as
The measure of pairwise connectivity for the Cobb-Douglas economy is
Note that the Cobb-Douglas economy is globally connected if and only if γ > 0.
Definition 5 (Full connectivity) The r-th submarket is said to be fully connected if for all pairs of its commodities j, j ∈ N r there is a consumer i who possesses commodity j and desires commodity j ∈ N r , i.e.
A Cobb-Douglas economy is said to be fully connected if each of its submarkets is fully connected.
In terms of submarket matrices the full connectivity of a Cobb-Douglas economy equivalently says that each matrix A r , r = 1, . . . , R, has only positive elements. We define the measure of full connectivity for the r-th submarket as
The measure of full connectivity for the Cobb-Douglas economy is
Note that the Cobb-Douglas economy is fully connected if and only if φ > 0.
Lemma 3 (Connectivity relations)
The following (weak) inequalities hold between the measures of connectivity:
π r ≥ γ r ≥ φ r , r = 1, . . . , R and π ≥ γ ≥ φ.
In particular, if the r-th submarket of a Cobb-Douglas economy is fully connected then it is also globally connected. If a Cobb-Douglas economy is fully connected then it is also globally connected. If the r-th submarket of a Cobb-Douglas economy is globally connected then it is also pairwise connected. If a Cobb-Douglas economy is globally connected then it is also pairwise connected.
Proof:
The conclusion follows immediately. 2
Example 1 (Capital and labor) We consider a Cobb-Douglas economy with n commodities, namely, consumption commodities 1, . . . , n − 2, capital n − 1, and labor n. Let producers offer consumption commodities 1, . . . , n − 2 in exchange for capital and labor; capitalists offer capital by using labor and desire consumption commodities; workers supply labor by using capital and desire consumption commodities. Then, the corresponding matrix of this capitalistic Cobb-Douglas economy is
where indicates nonzero elements. We immediately see that A is irreducible, A T A > 0, but A does not have positive rows. Hence, the capitalistic Cobb-Douglas economy has symmetric access, it is pairwise, but neither globally nor fully connected. Note that in absence of capital or labor, the corresponding Cobb-Douglas economy may not be pairwise connected at all.
Example 2 (Money / Basic need) We consider a Cobb-Douglas economy with n − 1 commodities and a special n-th commodity, which is desired by all consumers. This special commodity may play the role of money or be required to satisfy some basic need of every consumer. Due to Assumption 1, the corresponding matrix of this "monetary" Cobb-Douglas economy has positive n-th row. This economy is globally connected and, hence, also pairwise connected.
Example 3 (Taxation) We consider a Cobb-Douglas economy with n commodities and a special consumer, who possesses some amount of every commodity. This special consumer may play the role of the state collecting taxes from other consumers. Due to Assumption 2, the special consumer desires some commodity j. Then, the corresponding matrix of the regulated Cobb-Douglas economy has a positive j-th row. This regulated Cobb-Douglas economy is globally connected and, hence, also pairwise connected.
Regularity of Cobb-Douglas economies
Let the number of consumers m and exchange commodities n be fixed. We consider the set of Cobb-Douglas economies with overall endowments ω > 0 fulfilling Assumptions 1 and 2:
Definition 6 (Regular Cobb-Douglas economy) A Cobb-Douglas economy (α, W) ∈ E is called regular if it has symmetric access, no submarkets, and is pairwise connected.
Due to Theorem 4 and Corollary 1, tâtonnement T1 approximates the unique equilibrium of a regular Cobb-Douglas economy at the linear rate. We show that the subset of regular economies is open and dense in E. This needs several auxiliary results of independent interest.
Lemma 4 (Stability of symmetric access) The subset of Cobb-Douglas economies having symmetric access and no submarkets is open in E.
Lemma 5 (Density of full connectivity) The subset of fully connected Cobb-Douglas economies having symmetric access and no submarkets is dense in E.
Theorem 5 (Genericity of regular Cobb-Douglas economies) The subset of regular Cobb-Douglas economies is open and dense in E.
Analogously to the proof of Theorem 5, it can be shown that the following subsets of Cobb-Douglas economies from E are also open and dense:
• with symmetric access and no submarkets;
• with symmetric access, no submarkets, and globally connected;
• with symmetric access, no submarkets, and fully connected.
Note that the absence of submarkets in Definition 6 of regular Cobb-Douglas economies is essential for their stability.
Proposition 1 (Instability of Cobb-Douglas economies with submarkets) Let a Cobb-Douglas economy (α, W) ∈ E with submarkets have symmetric access. Then, there exists a Cobb-Douglas economy without symmetric access arbitrarily close to (α, W).
It follows from Proposition 1 that the globalization of a Cobb-Douglas economy through submarket merges may induce a pathological Cobb-Douglas economy without an exchange equilibrium.
Furthermore, due to ω T A = ω T , the following holds:
and
By induction, we also obtain that p k ω =p k ω = 1 for all k = 0, 1, . . .. . . . (2) Tâtonnement T2 can be written as
Due to Theorem 1, the property of symmetric access implies that 1 k+1 k l=0 A l → P , k → ∞, where the matrix P cannot have a zero row. Because of AP = P , each column of P is an eigenvector of A for the eigenvalue 1. Hence, p * := Pp 0 is a positive eigenvector of A for allp 0 > 0, i.e. an equilibrium price because of Assumptions 1 and 2. Now, let us estimate the convergence rate of the tâtonnement T2 for the permutation economy from (1). For k = ln with l = 1, 2, . . . we computē
With the unique equilibrium price p * = 1 n e we obtain p k − p * e = 1 k + 1 p 0 − p * e .
